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In this study we consider further analysis on the classification problem of linear second
order partial differential equations with non-constant coefficients. The equations are
produced by using convolution with odd or even functions. It is shown that the patent of
classification of new equations is similar to the classification of the original equations.
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1. Introduction
The subject of partial differential equations (PDE’s) has a long history and a wide range of applications. Some second-
order linear partial differential equations can be classified as parabolic, hyperbolic or elliptic in order to have a guide to
appropriate initial and boundary conditions, as well as to the smoothness of the solutions. If a PDE has coefficients which
are not constant, it is possible that it is of mixed type. That is the case if the coefficients are variables.
Recently, Kılıçman and Eltayeb in [1] studied hyperbolic and elliptic partial differential equations with constant
coefficients; then by using double convolutions they produced new equations with polynomial coefficients and classified
the new equations. It was shown that the classifications of hyperbolic and elliptic equations with non-constant coefficients
were similar to those of the original equations, that is, the equations are invariant under double convolutions. Later the same
authors extended this setting in [2] to the finite product of convolution of hyperbolic and elliptic PDEs where the authors
considered the coefficients of polynomials in finite product were positive.
In this study we extend the current classification to arbitrary coefficients. During this study we use the following
convolution notation: double convolution between two continuous functions F(x, y) and G(x, y) given by
F1(x, y) ∗ ∗ F2(x, y) =
∫ y
0
∫ x
0
F1(x− θ1, y− θ2)F2(θ1, θ2)dθ1dθ2
for further details and properties of the double convolutions and derivatives we refer to [3,4].
2. Main results
In this study we consider our domain D the symmetric about zero. That is, x, y ∈ D⇔ −x,−y ∈ D.
Definition 1. Let f (x, y) and g(x, y) : D → R be two functions, f is said to be even if f (−x,−y) = f (x, y) for x, y in D.
Similarly, g(x, y) is said to be odd if g(x, y) = −g(−x,−y) for every x, y in D.
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Lemma 1. Suppose that f (x, y) is a continuous and even function on the interval [−a, a]× [−b, b] where a, b > 0. Then there
exists an odd function g which is an antiderivative of f .
Proof. Since f is continuous in [−a, a] × [−b, b] then it follows that the antiderivatives exist. For x, y ∈ [−a, a] × [−b, b]
we define
g(x, y) =
∫ x
0
∫ y
0
f (ζ , η)dζdη.
By the fundamental theorem of calculus g(x, y) is antiderivative of f (x, y). Now if we use the integral with respect to ζ , η
then it follows that
g(−x,−y) =
∫ −x
0
∫ −y
0
f (ζ , η)dζdη
= lim
n→∞
m→∞
(
− x
n
,− y
m
) n∑
i=1
m∑
j=1
f
(
− ix
n
,− jy
m
)
(Definition of integral)
since f is continuous then the limit exists
g(−x,−y) = lim
n→∞
m→∞
−
( x
n
,
y
m
) n∑
i=1
m∑
j=1
f
(
ix
n
,
jy
m
)
(Using the fact that f is even).
Then we have
g(−x,−y) = −g(x, y). 
Lemma 2. Let f (x, y) and g(x, y) be continuous and even functions on the interval [−a, a]× [−b, b] where a, b > 0. Then the
double convolution f (x, y) ∗ ∗ g(x, y) of f (x, y) and g(x, y) exists and is an odd function.
Proof. For x, y ∈ [−a, a]× [−b, b] double convolution defined by
f (x, y) ∗ ∗ g(x, y) =
∫ x
0
∫ y
0
f (x− ζ , y− η)g(ζ , η)dζdη.
By the fundamental theorem of calculus the convolution f (x, y) ∗ ∗ g(x, y) exists and it is an antiderivative of f (x, y) and
g(x, y). Now we use the integral with respect to ζ , η then we have
f (−x,−y) ∗ ∗ g(−x,−y) =
∫ −x
0
∫ −y
0
f (−x− ζ ,−y− η)g(ζ , η)dζdη.
From the definition of integral by using the Riemann sum we have
f (−x,−y) ∗ ∗ g(−x,−y) = lim
n→∞
m→∞
(
− x
n
,− y
m
) n∑
i=1
m∑
j=1
f
(
−x+ ix
n
,−y+ jy
m
)
g
(
− ix
n
,− jy
m
)
,
by simplification we get
f (−x,−y) ∗ ∗ g(−x,−y) = lim
n→∞
m→∞
(
− x
n
,− y
m
) n∑
i=1
m∑
j=1
f
(
−
(
x− ix
n
)
,−
(
y− jy
m
))
g
(
− ix
n
,− jy
m
)
,
now by using the fact that f and g are even functions we obtain
f (−x,−y) ∗ ∗ g(−x,−y) = lim
n→∞
m→∞
−
( x
n
,
y
m
) n∑
i=1
f
(
x− ix
n
, y− jy
m
)
g
(
ix
n
,
jy
m
)
= −
∫ x
0
∫ y
0
f (x− ζ , y− η)g(ζ , η)dζdη,
since f and g are continuous functions on a bounded domain thus the limit exists, and we have
f (−x,−y) ∗ ∗ g(−x,−y) = −f (x, y) ∗ ∗ g(x, y). 
Lemma 3. Let f (x, y) and g(x, y) be continuous and odd on the interval [−a, a] × [−b, b] where a, b > 0. Then the double
convolution of f (x, y) and g(x, y) is an odd function.
Proof. The proof of this lemma is similar to the proof Lemma 1. 
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Lemma 4. Let f (x, y) and g(x, y) be continuous; one of them is even and the other is an odd function on the interval [−a, a]×
[−b, b] where a, b > 0. Then the double convolution of f (x, y) and g(x, y) is an even function.
Proof. The proof of this lemma is similar to the proof of the above lemmas. 
We note that based on the above discussions, we can summarize the above lemmas in the following proposition that might
be interesting and useful for people working in mathematics, physics and engineering.
Proposition 1. Let D be a symmetric domain. Let f1(x, y), f2(x, y) : D→ R be even functions. Let g1(x, y), g2(x, y) : D→ R be
odd functions. Then
(i) The double convolution f1(x, y) ∗ ∗ f2(x, y) is odd if f and g are even functions.
(ii) The double convolution g1(x, y) ∗ ∗ g2(x, y) is odd if f and g are odd functions.
(iii) The double convolution f1(x, y) ∗ ∗ g1(x, y) is even if one of the function is an even function and the other is an odd function.
Now let us consider a linear second order partial differential equation in the form of
a(x, y)uxx + 2b(x, y)uxy + c(x, y)uyy = F(x, y), (2.1)
where a, b, c , and F are functions of two variables. The classification of Eq. (2.1) is based on the following formula
4(x, y) = b2(x, y)− a(x, y)c(x, y) (2.2)
thus from Eq. (2.2), it is well known that if 4 is positive then Eq. (2.1) is called Hyperbolic, if 4 is negative then the
Eq. (2.1) is elliptic, otherwise it is parabolic. Multiply Eq. (2.1) by a function using the double convolution as f (x, y) ∗ ∗
then Eq. (2.1) becomes
a′(x, y)uxx + 2b′(x, y)uxy + c ′(x, y)uyy = f (x, y) ∗ ∗ F(x, y) (2.3)
where the coefficients of above equation are obtained by a′(x, y) = f (x, y) ∗ ∗ a(x, y), b′(x, y) = f (x, y) ∗ ∗ b(x, y) and
b′(x, y) = f (x, y) ∗ ∗ c(x, y) by using a double convolution. Then we have the following lemma.
Lemma 5. Let f (x, y) in Eq. (2.3) be an even function and the Eq. (2.1) is parabolic equation then the classification of the Eq. (2.3) is
also a parabolic equation.
Proof. Since the Eq. (2.1) is a parabolic equation, then the following equation is satisfied
b2(x, y)− a(x, y)c(x, y) = 0.
Now, for the Eq. (2.3) to be a parabolic equation, first we compute and examine the coefficients of new Eq. (2.3) as follows
a′ = f (x, y) ∗ ∗ a(x, y) =
∫ x
0
∫ y
0
f (x− ζ , y− η)a(ζ , η)dζdη, (2.4)
b′ = f (x, y) ∗ ∗ b(x, y) =
∫ x
0
∫ y
0
f (x− ζ , y− η)b(ζ , η)dζdη (2.5)
and
c ′ = f (x, y) ∗ ∗ c(x, y) =
∫ x
0
∫ y
0
f (x− ζ , y− η)c(ζ , η)dζdη. (2.6)
From equations, Eqs. (2.4)–(2.6) we have
b′2(x, y)− a′(x, y)c ′(x, y) = [f (x, y) ∗ ∗ b(x, y)] [f (x, y) ∗ ∗ b(x, y)]− [f (x, y) ∗ ∗ a(x, y)] [f (x, y) ∗ ∗ c(x, y)] (2.7)
by using the convolution properties then we have
[f (x, y) ∗ ∗ b(x, y)] [f (x, y) ∗ ∗ b(x, y)]− [f (x, y) ∗ ∗ a(x, y)] [f (x, y) ∗ ∗ c(x, y)]
= f (x, y) ∗ ∗ [b(x, y) [f (x, y) ∗ ∗ b(x, y)]− a(x, y) [f (x, y) ∗ ∗ c(x, y)]]
= f (x, y) ∗ ∗ [[f (x, y) ∗ ∗ b(x, y)] b(x, y)− [f (x, y) ∗ ∗ c(x, y)] a(x, y)]
f (x, y) ∗ ∗ [f (x, y) ∗ ∗ [b(x, y)b(x, y)− c(x, y)a(x, y)]]
for more details see of the double convolution properties we refer to [5]. Since the Eq. (2.1) is a parabolic equation by
hypothesis, thus the right hand side of Eq. (2.7) is the same equation as in (2.1) that is b2(x, y) − a(x, y)c(x, y) = 0 then it
follows that
b′2(x, y)− a′(x, y)c ′(x, y) = 0
which means Eq. (2.3) is a parabolic equation. 
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Now we consider a particular example of a parabolic equation in the form of
x2yuxx − x2y2uxy + x2y3uyy = f (x, y) (2.8)
now let us multiply Eq. (2.8) by a function neither even nor odd
g(x, y) = 2xy2 + 3x2y+ 5
with convolution product we have a new equation in the form of
a′(x, y)uxx − b′(x, y)uxy + c ′(x, y)uyy =
(
2xy2 + 3x2y+ 5) ∗ ∗ f (x, y)
where
a′(x, y) = (2xy2 + 3x2y+ 5) ∗ ∗ x2yx2y, b′(x, y) = (2xy2 + 3x2y+ 5) ∗ ∗ x2y2
c ′(x, y) = (2xy2 + 3x2y+ 5) ∗ ∗ x2y3.
Now, we compute the coefficients a′(x, y), b′(x, y) and c ′(x, y) by using the definition of double convolution we have
a′(x, y) = 1
72
x4y4 − 1
40
y2x6 + 1
20
y3x5 + 5
6
y2x3, (2.9)
b′(x, y) = − 1
180
x4y5 + 1
60
y3x6 − 1
30
y4x5 − 5
9
y3x3 (2.10)
and
c ′(x, y) = 1
360
x4y6 − 1
180
y4x6 + 1
40
y5x5 + 5
12
y4x3. (2.11)
From the above coefficients we can deduce that(
b′(x, y)
)2 − a′(x, y)c ′(x, y) = − 1
129600
x8y10 − 7
86400
x10y8 − 1
8640
x9y9 − 5
2592
x7y8
− 1
28800
y6x12 + 1
7200
y7x11 + 1
432
y6x9 − 1
216
y7x8 − 25
648
y6x6.
Thus this example shows that if we convolute a linear second order partial differential equation with non-constant
coefficients and a functionwhich is neither even nor odd then the classification need not be similar to the original equations.
In the next section we examine the other two cases. First of all we assume Eq. (2.1) is a hyperbolic equation and wewant
to check whether Eq. (2.3) is also a hyperbolic equation.
Lemma 6. Let f (x, y) in Eq. (2.3) be an even function and consider Eq. (2.1) is a hyperbolic equation. Then the classification of
Eq. (2.3) is also a hyperbolic equation.
Proof. Since Eq. (2.1) is a hyperbolic equation, then we have
B2(x, y)− A(x, y)C(x, y) > 0.
Now, for Eq. (2.3) to be a hyperbolic equation, similar to the Lemma 5, first we use double convolution definition to compute
the coefficients of Eq. (2.3), thus we have
b′2(x, y)− a′(x, y)c ′(x, y) = [f (x, y) ∗ ∗ b(x, y)] [f (x, y) ∗ ∗ b(x, y)]− [f (x, y) ∗ ∗a(x, y)] [f (x, y) ∗ ∗ c(x, y)] (2.12)
by using convolution property and noting that if g(x, y) > 0 then f (x, y) ∗ ∗ g(x, y) > 0 thus we have
[f (x, y) ∗ ∗ b(x, y)] [f (x, y) ∗ ∗ b(x, y)]− [f (x, y) ∗ ∗ a(x, y)] [f (x, y) ∗ ∗ c(x, y)]
= f (x, y) ∗ ∗ [b(x, y) [f (x, y) ∗ ∗ b(x, y)]− a(x, y) [f (x, y) ∗ ∗ c(x, y)]]
= f (x, y) ∗ ∗ [[f (x, y) ∗ ∗ b(x, y)] b(x, y)− [f (x, y) ∗ ∗ c(x, y)] a(x, y)]
f (x, y) ∗ ∗ [f (x, y) ∗ ∗ [b(x, y)b(x, y)− c(x, y)a(x, y)]] > 0. (2.13)
Since, in Eq. (2.13) the term b2(x, y)− a(x, y)c(x, y) > 0 is even, thus we use Proposition 1 we have then
b′2(x, y)− a′(x, y)c ′(x, y) > 0
that means Eq. (2.3) is a hyperbolic equation. 
Similarly we have the following lemma.
Lemma 7. Let f (x, y) in Eq. (2.3) be an even function and consider the Eq. (2.1) is an elliptic equation. Then the classification of
Eq. (2.3) is also an elliptic equation.
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The proof is similar to the previous lemma on noting that Eq. (2.1) is an elliptic equation, then
b2(x, y)− a(x, y)c(x, y) < 0 (2.14)
that means the function f (x, y) is odd. We note that similar results can be obtained if we change the function f (x, y) from
even to odd.
Conclusion 1. In this study we examined PDE(s) with non-constant coefficients by using convolution. It was proved that the
classification of linear second order partial differential equations with non-constant coefficients after convolution product depends
on the type of the function. For example if the functions are even or odd functions the classification is still similar to the original
equations.
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